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1. INTRODUCTION 

 

“Normality is one of the most common assumptions made in the 

development and use of statistical procedures.”  

(Thode, 2002). 

 

 Researchers have been developing normality tests to check if observations follow a 

normal model (See Pearson et al., 1977; White and Macdonald, 1980; Pierce and Gray, 

1982; Kuiper, 1960; Keya and Imon, 2016 and Jarque and Bera, 1980, 1987). 
 

 In the derivation of some normality tests, researchers have used the third and fourth 

moments of the random variables (See D‟Agostino and Pearson, 1973; and Bowman and 

Shenton, 1975). Jarque and Bera (1980, 1987) and White and MacDonald (1980) used 

their tests for residuals when the errors are identically and independently distributed.  

 

2. TESTS OF NORMALITY 
 

 Some of the tests that are being used in many fields are  
 

i) Anderson–Darling Test, (1952, 1962), 

ii) Cramér–Von Mises Criterion, (1928) 

iii) Watson test, (1961) 

iv) D'Agostino's K-Squared Test, (1986) 

v) Finniben Test, (1975) 

vi) Jarque–Berta Test, (1980) 

vii) Kolmogorov–Smirnov Test, (1933 & 1948) 

viii) Lilliefors test, (1967) 

ix) Normal Probability Plot, (1983) 

x) Pearson's Chi-Squared Test, (1900) 

xi) Quantile–Quantile Plot (Q-Q Plot), (1968 ) 

xii) Shapiro–Wilk Test, (1965) 

xiii) Shapiro–Francia Test, (2007) 

xiv) Weisberg-Bingham Test, (1975) 

xv) Kuiper Test, (1960) 

xvi) Z  , t   , 2  and F-Tests 
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 Short notes on the tests are given below. References are also provided for 

consultations of readers. 

 

2.1 Anderson–Darling Test 

 The Anderson–Darling test identifies departures from normality and is useful for the 

empirical distribution function (EDF). The EDF statistic measures the distance between 

the assumed CDF F  and EDF nF  by 
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where   w x  is a weight function. When the weight function is   1w x  , then it 

becomes the Cramér–von Mises statistic. When the weight function is 
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, then the Anderson–Darling (1954) test is  
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 Stephens [1986] considers 2A  to be a good EDF statistic for detecting departure from 

normality and finds that the test provides better results if the parameters of models are 

calculated from the observations.  

 

2.2 Cramér–Von Mises (C-vM) Criterion (1928) 

 The Cramér–von Mises criterion is a goodness of fit test of *F  compared to an 

empirical nF  (called one sample case), or for comparing two empirical distributions 

(called 2 sample case). It is defined as 
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 Let  1 2, ,..., nx x x  be the data set, arranged in increasing order. Then the statistic is  
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 If T  a calculated value from the data set is larger than the tabulated value (using 

Anderson & Darling's table), then the hypothesis is rejected. The C–vM criterion is 

similar to that of the Kolmogorov–Smirnov test. 

 

2.2.1 Cramér–von Mises Test (Two Samples)  

 Let 1 2, ,..., Nx x x  be a data set of the first sample and 1 2, ,..., My y y  be the data set of 

the second sample. Both data sets are arranged in ascending order. Consider 1 2, ,..., NT T T  

to be the positions of the 'x s  and 1 2, ,..., Ms s s  be the positions of the 'y s  in the 

combined sample. Anderson (1961) derived  
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where U  is  
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 If the computed value of T  is larger than the table value of T  (See Anderson, 1961), 

then the hypothesis that the two samples do not come from the same distribution is not 

accepted. 

 

2.3 Watson Test  

 The Watson test [1961] is an altered form of the Cramér–von Mises test where  
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2.4 D'Agostino's K-Squared Test (1986) 

 The D'Agostino's K-squared test is derived using sample kurtosis and skewness and 

considered the transformation for sample skewness, 1g   
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where   and   are constants and are calculated as 
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 2 2 1    g   and  2 2 1    g   are the variance and the kurtosis of 1g  respectively. 

Similarly, Anscombe & Glynn (1983) propose  2 2Z g  for 2g , and good for large 

samples. 
 

 D‟Agostino et al. (1990) showed that 1Z  and 2Z  can be pooled as 

   
2 22

21 21K Z Zg g   to test for normality. 
 

 2K  is 2    with 2 degrees of freedom when the null hypothesis is normal. 
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2.5 Filliben Test, (1975)  

 The Filliben test statistic is defined as  
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for testing normality, where  ( 1,2,3, ,  )iX i n   is observed order statistics, r  correlation 

coefficient and ( 1,2,3, ,  )iM i n   is the median from a  0,1N  distribution.  
 

 Filliben (1975) used the median of thi  order statistic iY  instead of mean. It has 

advantage that location and scale parameters may not be known. The test is also 

applicable to non-normal distributions.  

 

2.6 Jarque–Berta (JB) Test, (1980) 

 The Jarque-Bera (1980, 1987) test is normal testing procedure. The test involves 

sample skewness and kurtosis. The test has a reasonable power for small and large 

samples but it has low power for short tail distributions. 
 

 The J-B statistic is    
2

1 26 – 3 24JB n b b  
  

, where n denotes the sample size, 

1b  the skewness and 2b  denotes the kurtosis. A large value of JB may show rejection of 

hypothesis.  

 

2.7 Kolmogorov–Smirnov Test, (1933 & 1948) 

 The Kolmogorov–Smirnov test (K–S test) is a nonparametric test for comparing an 

empirical distribution with an assumed distribution (one-sample case), or comparing two 

empirical distributions. The K-S test may show whether the empirical  distribution and 

the assumed distribution are similar or not. The empirical distribution function nF  is  
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where    ,
1ix
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  if iX x  and = 0 otherwise. 

 

 The K-S test  is 
 

     sup ,n n
x

D F x F x    

 

where supx  is the supremum of the differences.  
 

 nD  tends to 0 almost surely. In practice, large observations are needed to reject the 

null hypothesis. 
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2.8 Lilliefors Test (1967) 

 The one-sample K-S is not advantageous in practice as it needs known mean and 

variance. In many cases mean and variance are unknown and as such K-S test is not a 

good test. Lilliefors (1967, 1969) established the test which is similar to K-S test except 

that mean and variance are unknown. The test is defined as 
 

          – ,  – ‟ ,nD Max F z S z F z S z   
 

where   ,Z SX X    S z  is the proportion of values less than or equal to z . If nD  

is greater than the critical value, the null hypothesis is prone to rejection.  
 

 Lilliefors (1967, 1969) computed critical values and is available in the Lilliefors table 

(See www.real-statistics.com/statistics-tables/lilliefors-test-table).  
 

2.9 Normal Probability Plot (1983) 

 The normal probability plot (also called „Normal plot‟) is used to test normality. If the 

data when plotted on a special graph paper, look close to a straight line, the observations 

follow the normal model otherwise the departure from the line displays deviation from 

normality.  
 

 The „Normal probability plot‟ is like Q-Q plot. Researchers may plot the data on the 

vertical axis (Chambers, et al., 1983) or plot on the horizontal axis (Box and Draper, 

2007; and Titterington et al., 1985). 
 

 Normal plots are used on 7 or lower points but it is difficult to differentiate between 

random variability and departure from normality. 
 

2.10 Pearson's Chi-Squared Test (1900) 

 Pearson's chi-squared test  2  is generally used to check two types of tests of 

hypotheses viz.  

 i) test of goodness of fit.  

 ii)  test of independence.  
 

It is a widely used test and its properties are considered by Pearson in 1900.  
 

 The test-statistic is 
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where 

  iO  = the 
thi  observations, 

  N  = total number of observations, and 

  i iE Np  = the thi  expected frequency. 
 

 If the calculated 2 -value is larger than its table value then the null hypothesis is 

rejected.  
 

http://www.real-statistics.com/statistics-tables/lilliefors-test-table
https://en.wikipedia.org/wiki/Normal_distribution
https://en.wikipedia.org/wiki/Normal_probability_plot#cite_note-2
https://en.wikipedia.org/wiki/Normal_probability_plot#cite_note-2
https://en.wikipedia.org/wiki/Normal_probability_plot#cite_note-2
https://en.wikipedia.org/wiki/Normal_probability_plot#cite_note-3
https://en.wikipedia.org/wiki/Goodness_of_fit
https://en.wikipedia.org/wiki/Independence_(probability_theory)
https://en.wikipedia.org/wiki/Karl_Pearson


Normality Tests: A Brief Review 40 

2.11 Quantile-Quantile Plot (QQ Plot) (1968) 

 In the Q–Q plot, the quantiles of two distributions are plotted against each other and if 

the points of two distributions are linearly related, or lie on the line y x  or 

approximately lie on the line, they will be assumed to be similar.  
 

 The Q–Q plot is a non-parametric method. A Q–Q plot is assumed to be more 

powerful than method of comparing the two distributions. The Q–Q plots are also used to 

compare two data sets. 

 

2.12 Shapiro-Wilk Test 

 The Shapiro–Wilk test uses the frequency or proportion of the data and tests its 

normality.  
 

 The Shapiro–Wilk test statistic is: 
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where 
 

   ix  is the thi  order statistic, 

 

   1 ... nx x x n     is the sample mean, 
 

  , 1,2,ia i n   are given by  
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where  1,...,
T

nm m m  and 1,..., nm m  are the expected  order statistics and V  is the 

covariance matrix of the order statistics sampled from the normal population. Shapiro–

Wilk test has the best power as compared to Anderson–Darling, Kolmogorov–Smirnov, 

Lilliefors, and Anderson–Darling tests (Razali and Bee, 2011).  
 

 Sometimes a Q–Q plot is used for confirmation besides the Shapiro–Wilk test.  

 
2.13 Shapiro–Francia test (1972) 

 The Shapiro–Francia test is comparable to the Shapiro-Wilk test for large data.  
 

 The test statistic is  
 

     
22

i i i i iW c X X X    , 

 

where i iX X n  is the sample mean; ic  is  i ic m m m , ˆ
im  is 

    1ˆ 3 / 8 1/ 4im i n      and  1 .  is the inverse normal cdf. 
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2.14 The Weisberg-Bingham Test 

 The Weisberg-Bingham test is a modified form of the Shapiro-Francia test to make it 

appropriate for machine calculation (Weisberg and Bingham, 1975).  

 

2.15 The Kuiper's Test  
 Kuiper's test is close to the Kolmogorov–Smirnov test (Kuiper, (1960). Kuiper uses 

 D D   as the test statistic and tests circular probability distributions. 
 

 The Kuiper test statistic, V, is defined as  
 

 V D D    where max / iD i n z     , and  max 1iD z i n      ,  

and   ,i iz F x    1,...,ix i n , 
 

 F  is the continuous cdf under the null hypothesis. Tables for the critical points of the 

test statistic are available at Pearson and Hartley, (1972).  

 

2.16 , ,Z t F   and 2  Tests  

 The , ,Z t F   and 2  tests are the classical tests widely used in statistics. These are 

available in any under graduate books. 

 

3. CONCLUSION 
 

 All tests are useable in testing normality, but we shall be vigilant when using the JB 

test in small-sample cases. In such cases, the significance level of the test can be 

erroneous.  
 

 The JB test may have low power biased in finite samples.  
 

 If the regression errors are auto-correlated or heteroskedastic, Royston (1992)‟s 

approach may overcome this shortcoming.  
 

 The K-S test has benefits over the chi square test. The K-S statistic can use small data 

set where the chi square test would be uncertain for small data set. However K-S test has 

more power than the chi-square test for any sample size. 
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